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This document contains supplementary material for the journal article “A posteriori
discontinuous Galerkin error estimator for linear elasticity” [2] by Robert E. Bird, William
M. Coombs and Stefano Giani. This document is not a substitution to the full journal article,
for this reason, we don’t re-introduce the notations and the definitions already presented in
the article and we invite the reader to refer to it. The rest of the document reports the proof
of reliability, Theorem 6.1 in [2], for the error estimator in more detail in order to facilitate
the comprehension of the argument. In the rest of the document we refer to equations in
[2] in the usual way, e.g. (1) and (2), and we refer to equations presented in this document
appending an S, e.g. (S.1) and (S.2)

The error estimator in Theorem 6.1 in [2] is defined as

Nerr = Z (7712%,1( + 77?],[( + 771221()7 (S]')
KeT

where the three terms under the sum are defined as
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we invite the reader to refer to Section 4 in [2] for the definitions of the quantity appearing



in (S.2)). Moreover the oscillation term is also the sum of different terms:

osc:= [osch, + E (osc, i 4 0sc3 ;o +0sct ), (S.3)
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where the quantities fp, gp, gy and gr are the data of the model problem

—V.o(u) = f in Q,
u = gp on I'p,
o(u)-n = gy on I'y, (S.4)
u-n = gr-n on I'p,
t(u)-n = 0 on I'p,

in Section 2 in [2].

Theorem 1 (Reliability). Let u the exact solution and uy, the computed solution, we have
that

[l = wn[l < C(err + 050),

where C'is a positive constant independent of the mesh nor the order of the elements used.

As explained in [2], we need to introduce an auxiliary continuous problem similar to (|S.4))
in order to carry out the analysis:

—V-.-ou) = f in
u = gpn on I'p
o) -n = gy, on I'y (S.5)
u-n grn-n on I'p
t(ﬁ) -nH =0 on FT .

Since linear elasticity is a linear problem and solutions depended continuously on the data,
we have

[V (u—)loo S llgp — gpnllijers + 18y — gnnllory + lgr — grnllij2rs - (S.6)
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For DG methods, the construction of the upper bound for the DG norm using the error
is done in two steps bounding separately the conforming and the non conforming part of the
error. To this end, we define the space VS(T) = Vp(T) N [H'(Q)]* which is a conforming
version of the DG space. Then, we decompose the discontinuous Galerkin finite element
space Vp(T) = VE(T) @ V- (T), where V5H(T) is the orthogonal complement of V¢(7) with
respect to the DG norm (13) in [2]. We also define V(7)) which is the subspace of V(7))
containing functions satisfying the following boundary conditions imposed strongly: u = 0
onI'p,o(u)n=0onTy,un=0o0nIrandt(u) n; =0onI'r. Wealsoassume that there
is an interpolation operator I, : V,(T) — V5(T) that satisfy the following inequalities:

PPN = Ipvlig ¢ SIVVIG & (S.7)
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with £ C 0K.
We can then split the solution as:

uy, — Iy = uj, + uy, (5.10)
with uf, € V§o(T) and uj, € V5-(T), then using the triangle inequality and (S.10)), we obtain

[l[u = wslll7 < [[lu—allfr + [[|a = wllr
< llu =afll7 + [[[a = Lyt —uj, — i |f[7 (S.11)
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The first term on the rhs of (S.11)) can be bounded using (S.6) and (13) noticing that

u — u is zero on the internal edges because they are both functions in [H(Q)]?:
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Then, in order to obtain the upper bound for the conforming part of the error |||t —
Iyp0 — uf|||7, we recognize that [0 — It — uf] = 0 in the interior of the mesh because
u € [H'(Q)]* and both I;,1 and uj, are by construction in V(7). So denoting

D(u,v) Z/ v) dx + Z ﬁ [u] : [v] ds
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we obtain from the coercivity result for the continuous case, Theorem 2.2 in [2]:
118 = Lyt — W [|7 < D@ — Lyt — uj, 8 — [ — )

Then setting
it — Il — ug
= — - e Veo(T) ,
V== Dya gy pelT)

we have using (/S.10))

|[a — Ipa —uj|||l7 < D(a— Ipya—uj,v) =D —u,v) + D(uj,v)
=D(u—uy,v)+D@—u,v)+ D(up,v) .

(S.14)

(S.15)

(S.16)

The term D(@ — u, v) can be bounded using the Cauchy-Schwarz inequality and (S.12)) by

D(a —u,v) 5 [[fa —alf[7l[[v]ll7 < osc [[v]|l7 -

(S.17)

To bound the term D(uj, v) we use Cauchy-Schwarz inequality and Lemma 6.2 in [2].

D(uj,v) S [l VIl S nell[ VIl -

(S.18)

Therefore, the remaining quantity to bound is D(u — uy, v). Firstly, we rewrite (12) as

D(uh, Vh) + K(uh, Vh> = l(Vh) = lC(Vh) + lT<Vh) s

where
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Z /gT n) n)ds + Z ﬁYpE/ n)ds .

EceET(T EeET(T)
Then, since Vo (T) € 85, we have for v satisfying (S.15]) and using (6)
D(u,v) = a“(u,v) = 19(v) = I(v) ,
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which leads to
D(u—u,,v) =D(u,v) — D(up,v) =1°(v) — D(up, v) .
Further, using (S.19) we have:

D(u—uy,v) =10°v) — D(up,v)

= (v — vp) = I"(v1) — D(wp, v — v3) + K (up, vy) . (S.20)

The final step to bound D(u — uy,v) is Lemma 6.3 in [2], which is also reported here with
a more detailed proof.

Lemma 2. Considering uy, the DG solution of problem (12) and for any continuous function
v with vy, := Ip,v, we have:

I9(v —vp) = 1"(vi) — D(up, v —vp) + K(up, vi) S (err + 080)|| V][] 7 -
Proof. Applying integration by parts to the first term in D(uy,, v — vp,):
(v —vp) = U"(vy) — D(up, v —vy) + K(up, vy)

=1(v—=vp) = 1"(vp) Z/ o(uy): €(v—vy)dx
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The term Yo7 [ 0(up) - g - (Vv — vy,) ds can be further treated recalling the definitions



of the jump [-] operator and the average {-} operator, see (11) in [2]:
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where in the last step we used the fact that from (S.15) [v] = 0 in the interior of the mesh.
Considering also the term K (uy, v,) we have:
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In view of this, (S.21]) becomes

1°(v —vp) = 1U"(v) — D(up, v —vp) + K(up, vp)
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which can be split in four terms defined as:
T, ::/f-(v—vh)+V-0'(uh)-(v—vh) dx ,
Q
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The rest of the proof consists in bounding each term separately. To bound T}, we use the
Cauchy-Schwarz inequality, (S.7) with vy, := I,v:
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To bound 73 we notice that from (S.15) v € Vi ((T), therefore v=0onI'p and v-n =0
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on I'r. This together with Cauchy-Schwarz inequality and (S.9) with vy, := I;,,v lead to
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To bound T3 in the interior of the mesh, we use again the Cauchy-Schwarz inequality and

(S.9) with v, := Ip,v:
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In a similar way T3 is bounded on the Neumann portion of boundary:
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On the Dirichlet portion of boundary, the term T3 is null since from (S.15) v € V(7)) and
sov=0onTIp:

T3|epiry = — Z / o(uy) ng - (v—vy)ds— Z / o(u,) ng-vyds
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On the traction portion of boundary for T3 we use again v € Vi (7) from (8S.15) that implies
v-n=0:
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To bound Ty in the interior of the mesh, we use (4), the Cauchy-Schwarz inequality and
the standard hp-version of the trace inequality [7]:
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Then, using (S.8)) we have
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which can be used in ([S.22)) to obtain
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In a similar way 7} is bounded on the Dirichlet portion of boundary:
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and also the traction portion of boundary for 7j:
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The statement of the lemma is a consequence of all the above bounds.
m

The upper bound for (S.16) comes from the application of Lemma [ (S.17) and (S.18)

[ = Tnpa — wy||l7 S (ers + 0sC)[|V][|7 -
From ([S.15)) we have that |||v|||7r = 1, therefore

|0 — Inpa — ug|||7 < Newr + 0SC . (S.23)
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Now the proof of Theorem |1| can be achieved from ([S.11])

[l = wslll7 < o= allfr + ([l = Tpa — wy]|l7 + [[[up][l7

using ((S.12) and Lemma 6.2 in [2] to obtain

[[u —wll| < osc+ [|[@ = Lyt — g [||7 + Nerr -

Finally, using (S.23]) we obtain

[l[u = un[[l < osc + nerr -

References

1]

2]

R.A. Adams and J.J.F. Fournier. Sobolev Spaces. Pure and Applied Mathematics. Elsevier
Science, 2003.

Coombs W. Bird, R. and S. Giani. A posteriori discontinuous galerkin error estimator
for linear elasticity. submitted.

F. Brezzi and M. Fortin. Mized and hybrid finite element methods. Springer Series in
Computational Mathematics, volume 15. SpringerVerlag, 1991.

P. Houston, D. Schotzau, and T. P. Wihler. Energy norm a posteriori error estimation of
hp-adaptive discontinuous Galerkin methods for elliptic problems. Math Models Methods
Appl Sci, 17:33-62, 2007.

OA Karakashian and F Pascal. Convergence of adaptive discontinuous galerkin approx-
imations of second-order elliptic problems. 45(2):641-665.

J. M. Melenk. hp-interpolation of nonsmooth function and an application to hp-a poste-
riori error estimation. SIAM J. Numer. Anal., 43(1):127, 2005.

CH. Schwab. p- and hp- Finite Element Methods: Theory and Applications to Solid and
Fluid Mechanics. Oxford University Press, USA, January 1999.

L. Zhu, S. Giani, P. Houston, and D. Schoetzau. Energy norm a-posteriori error es-
timation for hp-adaptive discontinuous Galerkin methods for elliptic problems in three
dimensions. Mathematical Models and Methods in Applied Sciences, 21(2):267-306, 2011.

L. Zhu and D. Schotzau. A robust a posteriori error estimate for hpadaptive DG methods
for convection-diffusion equations. IMA J Numer Anal, 31:971-1005, 2010.

12



